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Abstract
Let a, b, c be fixed coprime positive integers with min{a, b, c} > 1.
In this paper, combining the Gel’fond-Baker method with an elemen-
tary approach, we prove that if max{a, b, c} > 5 × 1027, then the
equation ax + by = cz has at most three positive integer solutions
(x, y, z).
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1 Introduction
Let N be the set of all positive integers. Let a, b, c be fixed coprime positive
integers with min{a, b, c} > 1. In 1933, K. Mahler [13] used his p−adic ana-
logue of the Thue-Siegel method to prove that the ternary purely exponential
diophantine equation
ax + by = cz, x, y, z ∈ N (1.1)
has only finitely many solutions (x, y, z). His method is ineffective. An effec-
tive result for solutions of (1.1) was given by A.O. Gel’fond [7]. Let N(a, b, c)
denote the number of solutions (x, y, z) of (1.1). As a straightforward conse-
quence of an upper bound for the number of solutions of binary S−unit equa-
tions due to F. Beukers and H. P. Schlickewei [2], we have N(a, b, c) ≤ 236.
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In recent years, many papers investigated the exact values of N(a, b, c). The
known results showed that (1.1) has only a few solutions for some special
cases(see [5], [6], [11], [12], [14], [15], [16], [17], [18], [19], [20] and [21]). Very
recently, the authors [8] proved that if a, b, c satisfy certain divisibility con-
ditions and max{a, b, c} is large enough, then (1.1) has at most one solution
(x, y, z) with min{x, y, z} > 1. In this paper we prove a general result as
follows:
Theorem 1.1 If max{a, b, c} > 5× 1027, then N(a, b, c) ≤ 3.
Notice that if (a, b, c) = (3, 5, 2), then (1.1) has exactly three solutions
(x, y, z) = (1, 1, 3), (3, 1, 5) and (1, 3, 7). Perhaps, in general, N(a, b, c) ≤ 3
is the best upper bound for N(a, b, c).
2 An upper bound for the solutions of (1.1)
In [8], combining a lower bound for linear forms in two logarithms and
an upper bound for the p−adic logarithms due to M. Laurent [9] and Y.
Bugeaud [3] respectively, the authors proved that all solutions (x, y, z) of
(1.1) satisfy max{x, y, z} < 155000(logmax{a, b, c})3, where log is used for
natural logarithm. In this section, using the same method as in [8], we make
a slight improvement as follows:
Theorem 2.1 All solutions (x, y, z) of (1.1) satisfy
max{x, y, z} < 6500(logmax{a, b, c})3. (2.1)
The proof of Theorem 2.1 depends on the following lemmas.
Lemma 2.1 ([10], Corollaire 2 et Tableau 2). Let α1, α2, β1, β2 be positive
integers with min{α1, α2} ≥ 2. Further let Λ = β1 logα1−β2 logα2. If Λ 6= 0,
then
log |Λ| > −32.31(logα1)(logα2)(max{10, 0.18 + log( β1
logα2
+
β2
logα1
)})2.
Lemma 2.2 . Let α1, α2 be odd integers with min{|α1|, |α2|} ≥ 3, and let
β1, β2 be positive integers. Further let Λ
′ = αβ11 − αβ22 . If Λ′ 6= 0 and α1 ≡
α2 ≡ 1 (mod 4), then
ord2Λ
′ < 19.57(log |α1|)(log |α2|)(max{12 log 2,
0.4 + log(2 log 2) + log(
β1
log |α2| +
β2
log |α1|)})
2,
where ord2Λ
′ is the order of 2 in |Λ′|.
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Proof. This is the special case of [3, Theorem 2] for p = 2, y1 = y2 =
1, α1 ≡ α2 ≡ 1 (mod 4), g = 1 and E = 2. 
Throughout this section, let (x, y, z) be a solution of (1.1). Since max{ax, by} <
cz, we have
max{x log a, y log b} < z log c. (2.2)
Lemma 2.3 . If min{a2x, b2y} < cz, then
max{x, y, z} < 4663(logmax{a, b, c})2. (2.3)
Proof. By the symmetry of ax and by in (1.1), it suffices to prove the lemma
for the case that min{a2x, b2y} = a2x < cz. Then we have
2x log a < z log c. (2.4)
Since ax < by and cz ≥ a + b ≥ 5, we have ax/(2by + ax) = ax/(by + cz) <
2ax/3cz < 2/3cz/2 ≤ 2/3√5 and
z log c = log(by + ax) = y log b+ log(1 +
ax
by
)
< y log b+
ax
by
< y log b+
2ax
ax + by
< y log b+
2
cz/2
. (2.5)
Let (α1, α2, β1, β2) = (c, b, z, y) and Λ = β1 logα1 − β2 logα2. By (2.5),
we get 0 < Λ < 2/cz/2 and
log 2− log Λ > z
2
log c. (2.6)
Since min{α1, α2} ≥ 2, using Lemma 2.1, we have
log Λ > −32.31(log c)(log b)(max{10, 0.18 + log( z
log b
+
y
log c
)})2. (2.7)
When 10 ≥ 0.18 + log(z/ log b + y/ log c), by (2.6) and (2.7), we get
log 2 + 3231(log c)(log b) > z(log c)/2 and
z < 6464 log b. (2.8)
Further, by (2.4) and (2.8), we obtain
y < 6464 log c, x <
6464(log b)(log c)
2 log a
< 4663(log b)(log c), (2.9)
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since a ≥ 2. Furthermore, since max{a, b, c} ≥ 5, we see from (2.8) and (2.9)
that (2.3) holds.
When 10 < 0.18 + log(z/ log b+ y/ log c), by (2.2), (2.6) and (2.7),
log 2 + 32.31(log c)(log b)(0.18 + log(
2z
log b
))2 >
z
2
log c, (2.10)
whence we obtain
z
log b
<
2 log 2
(log b)(log c)
+ 64.62(0.88 + log(
z
log b
))2
< 2 + 64.62(0.88 + log(
z
log b
))2. (2.11)
Let t = z/ log b and F (t) = t − 64.62(0.88 + log t)2 − 2. Then we have
F (6000) > 0 and F ′(t) = 1− 129.24(0.88 + log t)/t > 0 for t ≥ 6000. Hence,
we get F (t) > 0 for t ≥ 6000. Therefore, we see from (2.11) that z satisfies
(2.8), and hence, x and y satisfy (2.9). Thus, the lemma is proved. 
Proof of Theorem 2.1. By Lemma 2.3, the theorem holds if min{a2x, b2y} <
cz. We may therefore assume that min{a2x, b2y} > cz. Then we have
z log c < min{2x log a, 2y log b}. (2.12)
Further, by (2.2) and (2.12), the theorem holds if min{x, y, z} = 1. We may
assume that min{x, y, z} > 1.
We first consider the case that 2|a. Since x > 1, by (1.1), we have
2 6 |bc,cz − by ≡ ax ≡ 0 (mod 4), (−1)(c−1)z/2 ≡ cz ≡ by ≡ (−1)(b−1)y/2
(mod 4) and
(−1)(c−1)z/2 = (−1)(b−1)y/2. (2.13)
Let (α1, α2, β1, β2) = ((−1)(c−1)/2c, (−1)(b−1)/2b, z, y) and Λ′ = αβ11 − αβ22 .
Then, α1 and α2 are odd integers satisfy
min{|α1|, |α2|} ≥ 3, α1 ≡ α2 ≡ 1 (mod 4). (2.14)
By (2.13), we have Λ′ = (−1)(c−1)z/2(cz − by) = (−1)(c−1)z/2ax, whence we
get Λ′ 6= 0 and
ord2Λ
′ ≥ x. (2.15)
On the other hand, using Lemma 2.2, we have
ord2Λ
′ < 19.57(log c)(log b)(max{12 log 2,
4
0.4 + log(2 log 2) + log(
z
log b
+
y
log c
)})2. (2.16)
When 12 log 2 ≥ 0.4 + log(2 log 2) + log(z/ log b+ y/ log c), we have
z < e12 log 2−0.4−log(2 log 2) log b < 2000 log b. (2.17)
Therefore, by (2.2) and (2.17), (2.1) holds.
When 12 log 2 < 0.4 + log(2 log 2) + log(z/ log b+ y/ log c), by (2.15) and
(2.16), we have
x < 19.57(log c)(log b)(0.74 + log(
z
log b
+
y
log c
))2. (2.18)
Further, by (2.2), (2.12) and (2.18), we get
z log c
2 log a
< x < 19.57(log c)(log b)(0.74 + log(
2z
log b
))2, (2.19)
whence we obtain
z
log b
< 39.14(log a)(1.44 + log(
z
log b
))2. (2.20)
Let t = z/ log b and F (t) = t− 39.14(log a)(1.44+ log t)2. Since a ≥ 2,we
have F (6500(log a)2) > 0 and F ′(t) = 1− 78.28(log a)(1.44 + log t)/t > 0 for
t ≥ 6500(log a)2. Hence, we get F (t) > 0 for t ≥ 6500(log a)2. Therefore, we
see from (2.20) that
z < 6500(log a)2(log b). (2.21)
Further, by (2.2) and (2.21), we have
x < 6500(log a)(log b)(log c), y < 6500(log a)2(log c). (2.22)
By (2.21) and (2.22), max{x, y, z} satisfies (2.1) and the theorem is true if
2|a.
By the symmetry of a and b in (1.1), using the same method as in the
above proof, we can prove that the theorem is true if 2|b.
We finally consider the case that 2|c. Since z > 1, we have ax+by ≡ cz ≡ 0
(mod 4), ax ≡ −by (mod 4) and
(−1)(a−1)x/2 = −(−1)(b−1)y/2. (2.23)
Let (α1, α2, β1, β2) = ((−1)(a−1)/2a, (−1)(b−1)/2b, x, y) and Λ′ = αβ11 − αβ22 .
Then, α1 and α2 satisfy (2.14). By (1.1) and (2.23), we have Λ
′ = (−1)(a−1)x/2(ax+
by) = (−1)(a−1)x/2cz. It implies that Λ′ 6= 0 and
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ord2Λ
′ ≥ z. (2.24)
Further, using Lemma 2.2, by (2.24), we have
z < 19.57(log a)(log b)(max{12 log 2,
0.4 + log(2 log 2) + log(
x
log b
+
y
log a
)})2. (2.25)
When 12 log 2 ≥ 0.4 + log(2 log 2) + log(x/ log b+ y/ log a), by (2.25), we
have
z < 1355(log a)(log b). (2.26)
Further, by (2.2) and (2.26), we get x < 1355(log b)(log c) and y < 1355(log a)(log c),
hence, (2.1) holds.
When 12 log 2 < 0.4 + log(2 log 2) + log(x/ log b+ y/ log a), we get
z < 19.57(log a)(log b)(0.74 + log(
x
log b
+
y
log a
))2. (2.27)
By (2.2), we have max{x/ log b, y/ log a} < z(log c)/(log a)(log b). Hence, by
(2.27), we get
z log c
(log a)(log b)
< 19.57(log c)(1.44 + log(
z log c
(log a)(log b)
))2. (2.28)
Let t = z(log c)/(log a)(log b) and F (t) = t − 19.57(log c)(1.44 + log t)2.
Then,we have F (3000(log c)2) > 0 and F ′(t) = 1−39.14(log c)(1.44+log t)/t >
0 for t ≥ 3000(log c)2. Hence, we have F (t) > 0 for t ≥ 3000(log c)2. There-
fore, we see from (2.28) that
z < 3000(log a)(log b)(log c). (2.29)
Further, by (2.2) and (2.29), we get x < 3000(log b)(log c)2 and y < 3000(log a)(log c)2,
hence, (2.1) holds. Thus, the theorem is true if 2|c. To sum up, the theorem
is proved. 
3 Proof of Theorem 1.1
Let m be a positive integer with m > 1, and let r, s be nonzero integers. The
following lemma contains certain plain facts in elementary number theory.
Lemma 3.1 .
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(i) min{|r|, |s|} ≥ gcd(r, s).
(ii) If r ≡ s (mod m), then gcd(r,m) = gcd(s,m).
(iii) If gcd(r,m) = 1, then gcd(rs,m) = gcd(s,m).
(iv) If r|s, then gcd(r,m)| gcd(s,m).
(v) If r > 0, s > 0 and rs ≡ 0 (mod m), then s ≥ m/ gcd(r,m).
(vi) If gcd(r,m) = 1, then there exist integers r¯ such that rr¯ ≡ 1 (mod m)
and gcd(r¯, m) = 1.
Lemma 3.2 ([4]). If gcd(r,m) = 1, then there exist positive integers n such
that
rn ≡ δ (mod m), δ ∈ {1,−1}. (3.1)
Let n1 be the least value of n with (3.1), and let r
n1 ≡ δ1 (mod m), where δ1 ∈
{1,−1}. A positive integer n satisfies (3.1) if and only if n1|n. Moreover, if
n1|n and rn1 − δ1 6= 0, then rn1 − δ1|rn − δ.
Let A,B, k be fixed positive integers such that min{A,B, k} > 1 and
gcd(A,B) = 1.
Lemma 3.3 ([1]). The equation
Am − Bn = k,m, n ∈ N (3.2)
has at most two solutions (m,n).
Lemma 3.4 . The equation
Am +Bn = k,m, n ∈ N (3.3)
has at most two solutions (m,n).
Proof . We now assume that (3.3) has three solutions (mi, ni)(i = 1, 2, 3).
By the symmetry of Am and Bn in (3.3), we may therefore assume that
m1 > m2 and A
mj > Bnj for j = 1, 2. Then, since Am1 + Bn1 = Am2 +Bn2 ,
we have n1 < n2 and A
mj ≡ −Bnj (mod k) forj = 1, 2. Hence, we get
Am1Bn2 ≡ Am2Bn1 (mod k). (3.4)
Further, since gcd(A,B) = 1, we have gcd(AB, k) = 1, and by (3.4),
Am1−m2Bn2−n1 ≡ 1 (mod k). (3.5)
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It implies that Am1−m2Bn2−n1 ≥ k + 1 > k > Am1 , whence we obtain
Bn2 > Bn2−n1 > Am1−(m1−m2) = Am2 > Bn2 , a contradiction. Thus, the
lemma is proved. 
For any fixed triple (a, b, c), put P (a, b, c) = {(a, b, c, 1), (c, a, b,−1), (c, b, a,−1)}.
Obviously, there exists a unique element in P (a, b, c), say (A,B,C, λ), which
satisfies
C = max{a, b, c}. (3.6)
Then, (1.1) has a solution (x, y, z) is equivalent to the equation
AX + λBY = CZ , X, Y, Z ∈ N (3.7)
has the solution
(X, Y, Z) =


(x, y, z), if (A,B,C, λ) = (a, b, c, 1),
(z, x, y), if (A,B,C, λ) = (c, a, b,−1),
(z, y, x), if (A,B,C, λ) = (c, b, a,−1).
It implies that the numbers of solutions of (1.1) and (3.7) are equal.
Here and below, we always assume that (3.7) has solutions (X, Y, Z).
Then, it has a solution (X1, Y1, Z1) such that Z1 ≤ Z, where Z through all
solutions (X, Y, Z) of (3.7). Since gcd(A,C) = 1, by Lemma 3.2, there exist
positive integers n such that
An ≡ δ (mod CZ1), δ ∈ {1,−1}. (3.8)
Let n1 be the least value of n with (3.8), and let
An1 ≡ δ1 (mod CZ1), δ1 ∈ {1,−1}. (3.9)
Then we have
An1 = CZ1f + δ1, f ∈ N. (3.10)
Obviously, for any fixed triple (a, b, c), the parameters Z1, n1, δ1 and f are
unique.
Lemma 3.5 ([8], Lemma 3.3). If (X, Y, Z) and (X ′, Y ′, Z ′) are two solutions
of (3.7) with Z ≤ Z ′, then XY ′ −X ′Y 6= 0 and
A|XY
′−X′Y | ≡ (−λ)Y+Y ′ (mod CZ).
Lemma 3.6 . (3.7) has at most two solutions (X, Y, Z) with Z = Z1 .
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Proof . By Lemmas 3.3 and 3.4, we obtain the lemma immediately. 
Lemma 3.7 . If (3.7) has two solutions (X1, Y1, Z1) and (X2, Y2, Z2) with
Z1 < Z2, then gcd(C, f) ≤ Y2.
Proof . Since AX1 + λBY1 = CZ1 , AX2 + λBY2 = CZ2 and Z1 + 1 ≤ Z2, we
have
AX1Y2 ≡ (−λ)Y2BY1Y2 + (−λ)Y2−1BY1(Y2−1)CZ1Y2 (mod CZ1+1),
AX2Y1 ≡ (−λBY2 + CZ2)Y1 ≡ (−λ)Y1BY1Y2 (mod CZ1+1). (3.11)
Eliminating BY1Y2 from (3.11), we get
Amin{X1Y2,X2Y1}(A|X1Y2−X2Y1| − (−λ)Y1+Y2)
≡ λ′BY1(Y2−1)CZ1Y2 (mod CZ1+1), (3.12)
where
λ′ =
{
(−λ)Y2−1, if X1Y2 > X2Y1,
−(−λ)Y1−1, if X1Y2 < X2Y1.
Further, since gcd(A,C) = 1, by (vi) of Lemma 3.1, there exist integers A¯
such that AA¯ ≡ 1 (mod CZ1+1) and gcd(A¯, C) = 1. Hence, by (3.12), we
have
A|X1Y2−X2Y1| − (−λ)Y1+Y2
≡ λ′A¯min{X1Y2,X2Y1}BY1(Y2−1)CZ1Y2 (mod CZ1+1). (3.13)
By Lemma 3.5, |X1Y2 − X2Y1| is a positive integer. We see from (3.13)
that
A|X1Y2−X2Y1| − (−λ)Y1+Y2 = CZ1g, g ∈ N, (3.14)
where g satisfies
g ≡ λ′A¯min{X1Y2,X2Y1}BY1(Y2−1)Y2 (mod C). (3.15)
Applying (ii) of Lemma 3.1 to (3.15), we get
gcd(C, g) = gcd(C, λ′A¯min{X1Y2,X2Y1}BY1(Y2−1)Y2). (3.16)
Further, since λ′ ∈ {1,−1} and gcd(A¯, C) = gcd(B,C) = 1, by (iii) of
Lemma 3.1, we have
gcd(C, λ′A¯min{X1Y2,X2Y1}BY1(Y2−1)Y2) = gcd(C, Y2). (3.17)
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The combination of (3.16) and (3.17) yields
gcd(C, g) = gcd(C, Y2). (3.18)
On the other hand, by (3.14), we have
A|X1Y2−X2Y1| ≡ (−λ)Y1+Y2 (mod CZ1). (3.19)
Applying Lemma 3.2 to (3.9) and (3.19), we get n1|X1Y2 −X2Y1 and An1 −
δ1|A|X1Y2−X2Y1| − (−λ)Y1+Y2. Hence, by (3.10) and (3.14), we have
f |g. (3.20)
Therefore, using (iv) of Lemma 3.1, by (3.20), we get gcd(C, f)| gcd(C, g)
and
gcd(C, f) ≤ gcd(C, g). (3.21)
Further, by (i) of Lemma 3.1, we have gcd(C, Y2) ≤ Y2. Thus, by (3.18) and
(3.21), we obtain gcd(C, f) ≤ Y2. The lemma is proved. 
Lemma 3.8 . If (3.7) has three solutions (Xi, Yi, Zi)(i = 1, 2, 3) with Z1 <
Z2 ≤ Z3, then max{a, b, c} < 5× 1027.
Proof . Since Z1 + 1 ≤ Z2 ≤ Z3, by Lemma 3.5, we have X2Y3 − X3Y2 6= 0
and
A|X2Y3−X3Y2| ≡ (−λ)Y2+Y3 (mod CZ1+1). (3.22)
It implies that
A|X2Y3−X3Y2| − (−λ)Y2+Y3 = CZ1+1h, h ∈ N. (3.23)
On the other hand, using Lemma 3.2, we see from (3.9) and (3.22) that
n1|X2Y3 −X3Y2 and
|X2Y3 −X3Y2| = n1n2, n2 ∈ N. (3.24)
By (3.10), (3.23) and (3.24), we have
CZ1+1h = An1n2 − (−λ)Y2+Y3 = (CZ1f + δ1)n2 − (−λ)Y2+Y3
= (δn21 − (−λ)Y2+Y3) + CZ1f
n2∑
i=1
(
n2
i
)
δn2−i1 (C
Z1f)i−1. (3.25)
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Since C > 2 by (3.6), we find from (3.25) that δn21 = (−λ)Y2+Y3 and
Ch = f
n2∑
i=1
(
n2
i
)
δn2−i1 (C
Z1f)i−1, (3.26)
whence we get
fn2 ≡ 0 (mod C). (3.27)
Applying (v) of Lemma 3.1 to (3.27), we have
n2 gcd(C, f) ≥ C. (3.28)
Further, by Lemma 3.7 and (3.24), we have gcd(C, f) ≤ Y2 and n2 ≤ |X2Y3−
X3Y2| < max{X2Y3, X3Y2} respectively. Therefore, by (3.28), we get
C < Y2max{X2Y3, X3Y2} ≤ (max{X2, Y3, X3, Y2})3. (3.29)
Recall that every solution (X, Y, Z) of (3.7) is a permutation of a solution
(x, y, z) of (1.1). By Theorem 2.1, we have
max{X2, Y2, X3, Y3} < 6500(logmax{a, b, c})3.
Hence, by (3.6) and (3.29), we get
max{a, b, c} < 65003(logmax{a, b, c})9. (3.30)
Let t = max{a, b, c} and F (t) = t − 65003(log t)9. Then we have F (5 ×
1027) > 0 and F ′(t) = 1 − 9 × 65003(log t)8/t > 0 for t ≥ 5 × 1027. There-
fore, we get F (t) > 0 for t ≥ 5 × 1027. Thus, we obtain from (3.30) that
max{a, b, c} < 5× 1027. The lemma is proved. 
Proof of Theorem 1.1. We now assume that (1.1) has four solutions (x, y, z).
Then (3.7) has four solutions (X, Y, Z). Further, by Lemma 3.6, (3.7) has
three solutions (Xi, Yi, Zi)(i = 1, 2, 3) with Z1 < Z2 ≤ Z3. Therefore, by
Lemma 3.8, we get max{a, b, c} < 5× 1027. Thus, the theorem is proved. 
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